We present a general study of pulse amplification in silicon Raman amplifiers, with special emphasis on the effects of spectral compression and group delay due to the Raman gain dispersion. We use the undepleted-pump approximation to analytically calculate the dynamics of an arbitrary pulse spectra and find the temporal profile of the pulse at the amplifier's output. We show that cw-pumped silicon waveguides are extremely inefficient in amplification of subpicosecond optical pulses but provide large net gains and controllable group delays for pulses with widths of ∼10 ps. © 2010 Optical Society of America OCIS codes: 190.4360, 230.0230, 230.4480, 250.4390. The inelastic scattering of light by optical phonons in silicon has attracted considerable interest, due to its vast potential for practical applications [1, 2] . Specifically, the spontaneous emission of the phonons can be used to realize Raman lasing [3] , while the stimulated scattering enables optical amplification [4] . The nonlinear process of stimulated Raman scattering occurs when two sufficiently intense optical fields, whose spectra are shifted with respect to each other by the frequency of the optical phonon, are launched into a silicon waveguide. In this situation, the intensity of the redshifted field (signal) grows along the waveguide, because of the energy transfer from the blueshifted field (pump). This process is accompanied by the two-photon absorption (TPA) and free-carrier absorption (FCA) of both pump and signal, as well as by their cross TPA and cross FCA. To gain deep comprehension of the cw Raman amplification in silicon waveguides and minimize the detrimental impact of the nonlinear optical losses, a great deal of research has been done [5] [6] [7] . At the same time, the problem of pulse amplification in silicon Raman amplifiers (SRAs) has received much less attention and is poorly understood. In this Letter, we perform a detailed theoretical analysis of Raman amplification of optical pulses in SRAs. Without specifying the exact spectra of the input pulse, we employ, for the first time to the best of our knowledge, the general shape of the Raman gain profile to fully account for the Raman-induced effects of group delay and pulse broadening. The results obtained are of primary importance for the design of efficient Raman amplifiers based on silicon waveguides. We consider a signal pulse at central frequency ω s corresponding to the telecom wavelength 1:55 μm, which is amplified by a cw pump laser at frequency ω p ¼ ω s þ Ω R , with Ω R being the Raman shift of 15:6 THz. Suppose the signal stays much weaker than the pump over the amplifier's length L; then the pump depletion is negligible and its intensity, I p ðzÞ, does not vary with time. In this case, the space variation of the Fourier-transformed signal envelope,Ã s ðωÞ, is described by the differential equation 
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whereãðωÞ is the Fourier transform of the input envel-
Notice that the absolute value of G gives the net gain experienced by a cw signal. To find the quantities G and δ R , we consider a forwardpumped amplifier with the pump beam attenuated according to the equation [8] 
where α p is the linear-loss coefficient at frequency ω p and ξ p ¼ ðω s =ω p Þ 2 ξ r . The implicit-form solution of this equation leads to the following two coupled algebraic equations for the effective length of the amplifier L eff , and the output pump intensity I L [11] :
where
With this solution, the FCA parameter, Q, is expressed as
It is important that the values of G and δ R are the same for the amplifier pumped in the backward direction. This can be seen by interchanging I 0 and I L in the above solution and noticing that, when the pump is launched at z ¼ L, the input intensity is I L and the output intensity is I 0 . Equation (2) yields the enhancement of the energy spectral density in the form Ã s ðωÞ aðωÞ
As seen from this expression, in the presence of net cw gain, jGj > 1, the spectrum of the pulse is amplified around its central frequency ω s within the band
and is attenuated outside of this band. This results in spectral compression of the pulse characterized by the factor
where W 0 is the energy of input pulse, A eff is the effective mode area, and Δ ¼ 2δ R =γ R . One can see that η is bigger for the pulses with broader spectra. At the same time, it is easy to show that the pulse gains energy along the amplifier if only jGj > η; hence, the higher the compression rate, the lower the signal's gain. Since η ≥ 1 without regard to the pulse parameters, the compression occurs even in the absence of net cw gain, when jGj < 1. This happens because of the variable attenuation rate along the pulse bandwidth. For example, for the subpicosecond optical pulses, whose FWHM τ 0 is much less than the Raman response time, τ 0 ≪ γ −1 R ≈ 3 ps, the compression factor η ≈ expðĝ R I 0 L eff Þ can be extremely large.
Typically, only a few centimeters of silicon waveguide are required to achieve the desired amplification of signal. For such waveguides, temporal broadening due to the group velocity dispersion can be ignored with respect to the broadening resulting from spectral compression. Assuming that βðωÞ ≈ β 1s ω, where β 1s is the first-order dispersion parameter, the temporal envelope for the pulse given in Eq. (2) becomes
where τ ¼ t − β 1s L is the time in the retarded frame traveling with the signal in the absence of gain dispersion. This expression reveals the physical meaning of the parameter δ R : it is the group delay induced by the Raman gain dispersion for sufficiently long optical pulses, with τ 0 ≫ γ −1 R . For such pulses, the gain profile in Eq. (3) can be approximated by the first two terms in its Taylor series, i.e., ΓðωÞ ≈ 1 þ iω=γ R . An important point is that δ R is proportional to the integral intensity I 0 L eff and can be controlled by varying pump intensity [12] . In the opposite limit, τ 0 ≪ γ −1 R , the temporal shape of the pulse almost does not change near τ ¼ 0, but the intensity is drastically reduced, since A s ðτÞ ≈ aðτÞ ffiffiffiffiffiffiffiffi ffi G=η p . One can show that δ R overestimates the group delay in this case, and the amplification of signal is not possible ðjGj < ηÞ.
To better understand the peculiarities of Raman amplification in the undepleted-pump regime, we consider a Gaussian pulse with FWHM τ 0 and effective mode area A eff . Using Eq. (3), we arrive at the following expression for the pulse's envelope:
Þ. This expression shows that the Gaussian pulse preserves its shape during the propagation only when τ 0 ≫ γ −1 R ; the width of such a pulse grows as ðτ 2 G þ ΔÞ 1=2 . Figure 1 
It is seen that the compression saturates with amplifier length and is only significant for pulses shorter than 10 ps. As the pulse's width is decreased, the amplification becomes less efficient. This fact is illustrated by Fig. 1(b) , which shows energy gains ðjGj=ηÞ for the compression profiles in Fig. 1(a) . For example, the near-tenfold compression of the 1 ps pulse in the 15-mm-long amplifier is accompanied by only 1:6 dB gain, whereas the gain for the 10 ps pulse with η ≈ 1:5 exceeds 11 dB. The values of the delay experienced by the pulses are shown in Fig. 1(c) . As is seen in this figure, the delay can be as high as 10 ps for L ¼ 3 cm and the typical value of the free-carrier lifetime τ c ¼ 1 ns. If, however, the carrier-rejection techniques are employed to reduce τ c [9] , the delay can be increased up to 40 ps.
The temporal evolution of Gaussian pulses through silicon Raman amplifiers is illustrated in Fig. 2 . One can see that strong compression of 0.5 and 1 ps pulses is accompanied not only by their absorption in short waveguides but also by substantial distortion of the pulses' profiles. The distortion manifests itself in amplification of the trailing edge of a pulse and absorption of its leading edge. This effect has no contribution from FCA, which is known to predominantly affect the descending part of optical pulses [8] but is entirely caused by spectral compression due to the Raman dispersion. This fact becomes obvious if one notices that the free-carrier effects are instantaneous in the considered problem. It should be also noted that the delays of both pulses, which can be estimated using their broad maxima in 2-and 3-cm-long amplifiers, are less than the values predicted by Fig. 1(c) in the limit τ 0 ≫ 3 ps.
When the pulse width increases, its temporal dynamics change. In particular, the leading edge of the pulse is no longer absorbed, but rather amplified together with the trailing edge. The asymmetry of the pulse becomes less pronounced and results from different gains experienced by the pulse edges. This behavior is demonstrated by 3 and 10 ps pulses in Fig. 2 . In agreement with the above analysis, the shape of a 10 ps Gaussian pulse almost does not change, and the pulse is delayed by approximately 10 ps at the end of a 3-cm-long amplifier.
In conclusion, we have analytically studied the evolution of spectra for an arbitrary optical pulse in the cw-pumped silicon Raman amplifier. Our solution is applicable to pulses of any shape or width, and valid for a wide range of amplifier designs. We showed that strong spectral compression of subpicosecond optical pulses hinders their amplification in silicon waveguides and results in asymmetric temporal broadening. On the other hand, pulses with widths exceeding 10 ps exhibit strong amplification, moderate temporal broadening, and controllable group delay owing to the Raman gain dispersion. The numbers in the left panels show signal gains; in the right panels, the gains for the pulses can be found in Fig. 1(b) . The legend refers to all panels; W 0 ¼ 10 fJ and τ c ¼ 1 ns. The other parameters are the same as in Fig. 1 .
